The asymptotic behavior of conformal metrics with negative curvatures near an isolated singularity for at most second order derivatives was described by Kraus and Roth in one of their papers in 2008. Our work improves one estimate of theirs and shows the estimate for higher order derivatives near an isolated singularity by means of potential theory. We also give some limits of Minda-type for SK-metrics near the origin. Combining these limits with the Ahlfors' lemma, we provide some observations SK-metrics.
Introduction
The research of conformal metrics has a long history, since the time of Liouville and Picard, see [8, 12, 13] . For a conformal metric λ(z)|dz| on a subdomain G of the complex plane C, we can define its (generalized) Gaussian curvature κ λ (z). Let u(z) = log λ(z). If κ λ (z) = 0, then u(z) satisfies the Laplace equation ∆u = 0, which means u(z) is harmonic on G. So that the property of u(z) can be studied by means of potential theory, see, e.g. [2] . If κ λ (z) = −4, then ∆ log λ = 4λ 2 and u(z) is the solution to the Liouville equation ∆u = 4e
2u .
(1.1)
Each solution to equation (1.1) belongs to a class of subharmonic functions and it is corresponding to a kind of special metric, called the SK-metric, according to Heins, see [3] . The existence and the uniqueness of the solutions to equation (1.1) are subject to some suitable boundary conditions. Through out our study, we are concerned only with the asymptotic behavior near an isolated singularity of the solution to equation (1.1), so it is sufficient to consider the behavior in the punctured unit disk D\{0}, where the origin is an isolated singularity of some order α ≤ 1. Near the singularity, we need some more refined invariants to estimate the asymptotic behavior, like the growth of the density. The assignment of the order of the singularity is such an invariant. As for equation (1.1), Liouville proved that, in any disk D contained in the punctured unit disk D\{0} every solution u to (1.1) can be written as
where f is a holomorphic function in D, see [5] . Based on Liouville's results, Nitsche described the behavior of u(z) with constant curvature κ(z) ≡ −4 near the isolated singularities on plane domains in [11] . Subsequently, Kraus and Roth extended Nitsche's results to the solutions of the more general equation
with strictly negative, Hölder continuous curvature functions κ(z) in [6] . In fact, equation (1.2) has an exquisite geometric interpretation: Every solution u to (1.2) induces a conformal metric e u(z) |dz| with Gaussian curvature function κ(z) and vice versa (for more details, see [6] ). Our first result is the estimates for some terms of u(z) near the singularity. We improve the estimate of the mixed derivatives when the order of u is α = 1 and obtain the estimate for higher order derivatives near the origin. We show in [15] that, our result is sharp by use of the generalized hyperbolic metric λ α,β,γ on the thrice-punctured sphere P\{z 1 , z 2 , z 3 } with singularities of order α, β, γ ≤ 1 at z 1 , z 2 , z 3 , which was given by Kraus, Roth and Sugawa for α + β + γ > 2, see [7] .
As an extremal case of the SK-metric, the hyperbolic metric, also called the Poincaré metric, plays an important role on (punctured) disks. Early in 1997, Minda [10] investigated the behavior of the density of the hyperbolic metric in a neighborhood of a puncture on the plane domain using the uniformization theorem. His method offers us a way to describe the asymptotic behavior on an arbitrary hyperbolic region. Our second result is to extend Minda's work and to give some limits of Minda's type. This paper is divided into four sections. In Section 2 the notations and the definitions are introduced. Section 3 is contributed to potential theory. The main results and their proofs are given in Section 4.
Preliminaries

Singularities and orders
If G ⊆ C is a domain, then every positive, upper semi-continuous, real-valued function λ : G → (0, +∞) on G induces a conformal metric λ(z)|dz|, see [3, 5] . In our discussion we take the linear notation for a conformal metric ds = λ(z)|dz|. Let P denote the Riemann sphere C ∪ {∞} and let Ω ⊆ P be a subdomain. For a point p ∈ Ω, let z be local coordinates such that z(p) = 0. We say a conformal metric λ(z)|dz| on the punctured domain Ω * := Ω\{p} has a singularity of order α ≤ 1 at the point p, if, in local coordinates z, [6] . We call the point p a conical singularity or corner of order α if α < 1 and a cusp if α = 1. The generalized Gaussian curvature κ λ (z) of the density function λ(z) is defined by
We say a conformal metric λ(z)|dz| on a domain Ω ⊆ C is regular, if its density λ(z) is positive and twice continuously differentiable, i.e. λ(z) > 0 and λ(z) ∈ C 2 (Ω). If λ(z)|dz| is a regular conformal metric, then
where ∆ denotes the Laplace operator. It is well known that, if a < κ λ (z) < b < 0 with constants a, b ∈ R, the metric λ(z)|dz| only has corners or cusps at isolated singularities (see [9] ). The Gaussian curvature is a conformal invariant. Let λ(z)|dz| be a conformal metric on a domain G ∈ C and f : Ω → G be a holomorphic mapping of a Riemann surface Ω into G. Then we can define the pullback f * λ(w)|dw| of λ(z)|dz| by
It is easy to see that f * λ(w)|dw| is a conformal metric on Ω\{critical points of f } with Gaussian curvature
Using this conformal invariance, we can easily build relations between Riemann surfaces with conformal metrics. Here we can see that, on the punctured domain Ω\{critical points of f }, the critical points of f are the source of the singularities. The hyperbolic metric is a complete metric with some constant Gaussian curvature, here we take the constant to be −4. We call an upper semi-continuous metric λ(z)|dz| on a Riemann surface Ω an SK-metric if its Gaussian curvature is bounded above by −4 at every z ∈ Ω. The hyperbolic metric on the unit disk D is defined by
The following result is a fundamental theorem about SK-metrics by Ahlfors, see [1] , also [3] , which claims that the hyperbolic metric λ D (z)|dz| on the unit disk D is the unique maximal SK-metric on D.
Theorem A [1] . Let ds be the hyperbolic metric on D given in (2.3) and dℓ be the metrics on D induce by an SK-metric on a Riemann surface Ω. If the function f (z) is analytic in D, then the inequality dℓ ≤ ds will hold throughout the circle.
On the punctured unit disk D * := D\{0}, the hyperbolic metric is expressed by
with the constant curvature −4. We denote D R := {z ∈ C : |z| < R} and D R * := D R \{0} for R > 0. On the punctured disk D * R , the (generalized) hyperbolic metric with a conical singularity at the origin is given in [7] . For its detailed proof, see [14] .
Theorem B [7, 14] . For R > 0, let
Then given an arbitrary SK-metric σ(z) on D * R with a singularity at z = 0 of order α, we have σ(z) ≤ λ α,R (z). 
Regularity and Logarithmic potential
We shall use potential theory as employed by Kraus and Roth in [6] . Here we list some elementary facts without proof.
is called the logarithmic potential of f , where L(z − ζ) = log |z − ζ| and dσ ζ is the area element on domain Ω. Write z = x 1 + ix 2 , ζ = y 1 + iy 2 and set 0 < r ≤ 1. The following lemma was mentioned in [6] . It is a consequence of the famous Riesz decomposition theorem, and can be obtained from Theorem 4.5.1 and Exercise 3.7.3 in [4] .
Lemma C [6] . Let u be a subharmonic function on D r such that u ∈ C 2 (D r * ), ∆u is integrable in D r and lim r→0 sup |z|=r u(z) log(1/r) = 0. 
If, in addition, f is locally Hölder continuous with exponent ν ≤ 1, then ω ∈ C 2 (D r ) and for z ∈ D r ,
where N (ζ) = (N 1 (ζ), N 2 (ζ)) is the unit outward normal at the point ζ ∈ ∂D R with R > r and f is extended to vanish outside of D r .
There is a similar proposition for higher order derivatives of the logarithmic potential.
For a given multi-index j = (j 1 , j 2 ), we can choose e τ = (0, 1) or (1, 0) for τ = 1, 2, . . . such that j = e 1 + e 2 + · · · + e n with n = |j|. Write ζ = y 1 + iy 2 , set
where a is a multi-index. For m = 1, 2, it holds that
see [14] for more details. Using this notation, we can present the analogue of Lemma D as follows.
Lemma E [14] . Let 0 < r < 1, f : D r → R and f ∈ C n−2, ν (D r ) with 0 < ν ≤ 1, n ≥ 3, ω be the logarithmic potential of f . Then ω(z) ∈ C n (D r ) and for n = |j|,
4)
where θ τ := e 1 + · · · + e τ , φ τ := e τ +2 + · · · + e n for τ = 1, . . . , n − 1 and φ n−1 := (0, 0),
is the unit outward normal at the point ζ ∈ ∂D R with R > r, , is the inner product and the function f is extended to vanish outside of D r .
Main estimates
We denote ∂ n = ∂ n ∂z n ,∂ n = ∂ n ∂z n for n ≥ 1. The following theorem is given by Kraus and Roth in [6] .
Theorem F [6] . Let κ : D → R be a locally Hölder continuous function with κ(0) < 0. If u : D * → R is a C 2 -solution to ∆u = −κ(z)e 2u in D * , then u has an order α ∈ (−∞, 1] and
where the remainder functions v(z) and w(z) are continuous in D. Moreover, the first partial derivatives with respect to z andz,
when z approaches 0. In addition, the second partial derivatives,
and
when z tends to z = 0.
In the work of Kraus and Roth, the proof of Theorem F was based on Lemma D. Since we have obtained a similar statement in Lemma E, the estimate for higher order derivatives of the remainder functions v(z), w(z) can be given. We consider v(z) and w(z) separately.
Theorem 3.1 Let κ(z), u(z), v(z) and α be the same as in Theorem F. If 0 < α < 1 and if, in addition, κ(z) ∈ C n−2, ν (D * ) for an integer n ≥ 3, 0 < ν ≤ 1, then for n 1 , n 2 ≥ 1, n 1 + n 2 = n, near the origin, the remainder function v(z) satisfies
Proof. Lemma 2.1 shows that u(z) ∈ C n, ν (D * ). Due to Kraus and Roth [6] we have
for z ∈ D * r , 0 < r < 1 and a harmonic function h on D r , where q(z) = −κ(z)e 2v(z) , f (z) = q(z)|z| −2α . Now fix 0 < R < 1, choose z ∈ D * R/2 and let r = |z|/2. Then for a multi-index j, |j| = n ≥ 3, rearranging (2.4) leads to
for z = x 1 + ix 2 and a harmonic function h on D R , and the same symbols θ τ , φ τ are used here as in (2.4). It is known that
see [2, p. 17] . Denote M = sup ζ∈D R |q(ζ)| and let C n > 0, n ∈ N, be some constants. Then
see [6] . When one of j 1 and j 2 is zero, there is no cancelation. Thus we obtain ∂ n v,∂ n v = O(|z| 2−2α−n ). If neither j 1 nor j 2 is zero, the first three integrals in (3.2) are canceled, so we have to consider the last term in (3.2). In the last sum in (3.2) letting τ = 1, we get the integral
Writing ζ = re iθ and taking e 1 = (1, 0), e 2 = (0, 1) without loss of generality, we have
So it is evident that,
holds for all kinds of e 1 and e 2 . Now consider ∂ φ 1 f (z). Since f (z) = q(z)|z| −2α , then the term q(z) · ∂ φ 1 (|z| −2α ) appears with some coefficient. Note that
The following result is for the higher order derivatives of the remainder functions w(z) when the order is 1.
Theorem 3.2 Let κ(z), u(z), w(z) and α be the same as in Theorem F. If α = 1 and if, in addition, κ(z) ∈ C n−2, ν (D * ) for an integer n ≥ 3, 0 < ν ≤ 1, then for n 1 , n 2 ≥ 1, n 1 + n 2 = n, near the origin, the remainder functions w(z) satisfies
The proof is based on the following lemma.
Lemma G [6] . Let κ : D → R be a continuous function with κ(0) < 0 and
where s(z) = O(1) as z → 0. If u : D * → R is a solution to ∆u = −κ(z)e 2u with u(z) = − log |z| − log log(1/|z|) + w(z) where w(z) = O(1) for z → 0, then there exists a disk D ρ such that 6) for some constant C > 0.
Proof of Theorem 3.2. Lemma 2.1 shows that u(z) ∈ C n, ν (D * ). For w(z) defined as in Theorem F, we first show that
for z ∈ D * r , 0 < r < 1, where h is harmonic on D r . Let
where h p (z) is harmonic on D r . For t(z), we also have
where h t (z) is harmonic on D r . Setting w(z) = p(z) − t(z) gives (3.7) with h(z) = h p (z) − h t (z). Now set R < 1/e 2 . So there exists a number ρ > 0 such that the inequality (3.6) holds in the disk D ρ . Let ρ = min{R/2, ρ}. We choose z ∈ D ρ and set r = |z|/2. Let q(z) = −κ(z)e 2w(z) − 1, f (z) = q(z)|z| −2α . Then from (2.4), we have
for a harmonic function h on D ρ . We can obtain
by (3.3) and Theorem 3.3 in [6] . So∂ n w(z), ∂ n w(z) = O(|z| −n (log(1/|z|)) −2 ). For the mixed partial derivatives, since the first three integrals are canceled, we have to estimate the last term in (3.8). Letting τ = 1 in the last sum of (3.8), the term
with some coefficient. We can calculate that
provided (3.3) and (3.4). So∂ n 1 ∂ n 2 w(z) = O(|z| −n (log(1/|z|)) −3 ) as desired.
The second order derivative of w(z) in Theorem F is contained in Theorem 3.2. However, for the mixed partial derivative, the estimate (3.5) is more accurate than (4.1). We take it to be a corollary as following. If u : D * → R is a C 2 -solution to ∆u = −κ(z)e 2u in D * with the order α = 1 at the point z = 0, then for the remainder function w(z) as in Theorem F, the second partial derivatives satisfy
As for the sharpness of Theorems F, 3.1 and 3.2, the generalized hyperbolic metric on the thrice-punctured sphere makes a convictive case here. Theorems 3.3 and 4.2 in [15] verify that Theorems F, 3.1 and 3.2 are sharp, see [15] for details.
Minda-type theorems
The following result is Minda's theorem. It is a general estimate for the hyperbolic metric near the singularity.
Theorem H [10] . Suppose Ω is a hyperbolic region in the complex plane and p ∈ C is an isolated boundary point of Ω. Let the hyperbolic metric on Ω with the constant Gaussian curvature −1 be λ Ω (ω)|dω|. Then The following theorem is due to Kraus and Roth.
Theorem I [6] . Let λ(z)|dz| be a regular conformal metric on a domain Ω ⊆ C with an isolated singularity at z = p. Suppose that its curvature κ : Ω → R has a Hölder continuous extension to Ω ∪ {p} such that κ(p) < 0. Then log λ has an order α ≤ 1 at z = p and We obtain the following result in relation to Theorem I.
Theorem 4.1 Let λ(z)|dz| be a regular conformal metric on a domain Ω ⊆ C with an isolated singularity at z = p. Suppose that the curvature κ : Ω → R has a Hölder continuous extension to Ω ∪ {p} such that κ(p) < 0 and the order of log λ is α = 1 at z = p. Then 
